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1 .  Introduction  and  Preliminaries. 

Various  multivariate  extensions  of  the  univariate  classes 
of  increasing  failure  rate  average  (IFRA)  and  new  better  than 
used  (NBU)  distributions  are  now  available  (see  for  example 
Block  and  Savits  (1900) ,  El-Neweihi  (1981)  and  Marshall  and 
Shaked  (1982)).  In  this  paper  we  characterize  two  of  those 
classes  and  utilize  the  characterizations  to  derive  simple 
proofs  of  some  properties  of  the  two  classes. 

First  let  us  present  the  notation,  terminology  and  defini¬ 
tions  used  throughout  this  paper.  Let  x  and  £  be  two  vectors 
in  Rn,  then  x  <_  £  (x  <  %)  means  x^  £  y^  (x^  <  y^  ,  i=l,...,n. 
Given  a  vector  x  e  Rn,  Qx  =  {^:x  <  .  The  set  {x:0  <_  x}  is 

denoted  by  R^,  where  0=(0,...,0).  A  function  f:R^  -►  R+  is  said 
to  be  nondecreasing  if  x  <  £  implies  that  f  (x)  <_  f  (£)  .  A  subset 
U  c  Rn  is  said  to  be  an  increasing  set  if  x  e  U  and  x  £  £  imply 
that  ^  e  U. 

Throughout  the  remainder  of  this  paper  all  the  random  vec¬ 
tors  (random  variables)  considered  are  assumed  to  be  nonnegative 
Also  all  the  random  variables  considered  are  not  degenerate  at  0 

2.  Characterizations  and  Properties. 

In  this  section  we  characterize  the  following  two  classes: 

I  *  {T»(T. , . . . ,T  ) :  min  a.T.  is  IFRA  for  all  a . >0 , i=l , . . . , 

1liIn 

where  n  is  a  positive  integer}, 

W  ■ { T* ( T T  ) :  min  a.T.  is  NBU  for  all  a . >0 , i=l . . . ,n 
where  n  is  a  positve  integer}. 
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Recall  that  a  random  variable  T  is  II'RA  if  P(T  >  at)  £  {P(T>t)}a 
for  every  t  _>  0  and  every  0  <  a  <  1.  Also  a  random  variable  T 
is  NBU  if  P(T  >  t)  <  P  (T  >  at)  P  (T>  (1-a)  t)  for  every  t  _>  0  and 
every  0  <  a  <  1.  Well  known  characterizations  for  these  uni¬ 
variate  classes  of  lifetimes  have  been  obtained  by  Block  and 
Savits  (1976)  and  Marshall  and  Shaked  (1982)  .  Characterizations 
of  similar  type  for  the  classes  I  and  N  are  now  derived.  First 
we  need  the  following  lemma. 

Lemma  2.1.  Let  T- (T^, . . . ,Tn)  be  a  random  vector  and  f  ,  f 2  be 
two  nonnegative  functions  defined  on  R^.  Assume  that 

Efi(’TY,  <  {Efi(T/a)  }{??f];"a(T/l-a)  },  (2.1) 

for  i=l,2  and  0  <  a  <  1.  Then  (2.1)  is  valid  with  f^+f2  rePlac" 
ing  fi. 

Proof .  In  the  following  the  second  inequality  follows  from 
Holder  inequality  and  the  third  inequality  follows  from 
Minkowski  inequality  for  the  La-norm,  0  <  a  <  1: 

E(f1+f2)(T)  =  Efx(T)  +  Ef2(T) 

1  (Ef“(T/a) }{Ef J’a(T/l-a) }  +  (Ef “ (T/a) } {Ef !j“a (T/l-a) 
2  2 

<  (  t  (EfJfT/a)  )  l/ct}a{E  (Ef^a(T/l”a)  )  1/1"a}1ra 


<  {E(f.+f,.)a  (T/a)  ]{E(f.+f0)1"a(T/l-a)  }. 

—  1  t  —  12  — 


n 


In  what  follows  let  C  denotes  the  set  {f:f(x)=»  *  f.(x.)» 

i‘=l  i  1 


A  — JL 

where  fi:R+  -*•  R+  is  nondecreasing,  i*l,...,n  and  n  is  a  positive 
integer}.  We  are  now  ready  to  prove  the  main  result  of  this 


paper 


\m 
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Theorem  2.2.  Let  T  =  (T^ - 'Tn)be  a  random  vector.  Then 


(i)  Tt.i  if  and  only  if 


Ef  (T)  <  (Ef a (T/a) }1/a. 


(2.2) 


for  every  fee  and  every  0  <  a  <  1. 


(ii)  TeW  if  and  only  if 


Ef  (T)  £  tEfa(T/a)}  {Ef1”0!  (^/l  -a)  }  ,  (2.3) 

for  every  feC  and  every  0  <  a  <  1* 

Proof. (i)  First  assume  that  Tel.  Then  Clearly  (2.2)  is  valid 

n 

for  every  function  f  of  the  form  f(x)=  tt  In(x.),  where  B.  is 

i=l  Bi  1  1 

an  increasing  subset  of  (0,»),  i=l,...,n.  As  in  Block  and  Savits 
(1976),  the  La-norm  inequality  for  0  <  a  <  1  extends  the  validity 
of  (2.2)  to  finite  nonneqative  linear  combinations  of  functions  of 
this  form.  The  monotone  convergence  theorem  now  extends  the 
validity  of  (2.2)  to  any  function  f€C. 

Conversely  if  (2.2)  is  true,  then  Tel  follows  by  taking 
n 

f(x)  *  I  (x.)  ,  where  t  >  0  and  a.  >  0,  i*l,...,n. 

i»l  (t/a.too)  1 

(ii)  The  proof  follows  readily  by  lemma  2.1  and  by  using  similar 
steps  to  the  ones  used  in  the  proof  of  (i) .  The  details  are  ther 
fore  omitted. 

Remark  2.3.  Let  be  the  class  of  all  nonnegative,  nondecreas¬ 
ing  and  Borel  measurable  functions  which  are  defined  on  r”.  Bloc 
and  Savits  (1900)  defined  a  multivariate  class  of  life  distribut¬ 
ions  by  requiring  that  (2.2)  is  true  for  all  feC^.  Also  Marsall 
and  Shaked  (1902)  defined  a  multivariate  class  of  NBU  distributioi 


which  is  characterized  by  the  validity  of  (2.3)  for  all  f>-(^. 
Obviously  ^  3  C. 

The  characterizations  obtained  in  theorem  2.2  are  useful 
in  deriving  simple  proofs  for  some  desirable  properties  for 
both  I  and  N.  We  illustrate  this  by  the  following  corollary. 

Corollary  2.4.  Let  T=(T^f . . . ,Tn)  be  a  random  vector  then 

(i)  Tel  (TeW)  implies  that  (T.  , ...,T.  )el((T.  ,...,T.  )  ew) 

xk  X1  xk 

for  every  1  £  i^< . . . < i^  £  n  and  every  1  <  k  £  n. 

(ii)  Let  g^:R+  +  R+  be  a  nondecreasing  function  such  that 

g^(x/n)  £  q^(x)/a  for  every  xeR+  and  every  0  <  a  <  1,  i=l,...,n. 
Then  (g^(T^),...  /  g^  ( T  )  e  I  (  ( 9^ ( )  '  •  •  •  >  9^  ( T^)  ^  t  W ) 
whenever  Tei  (Tew). 

Proof .  In  view  of  (2.2)  and  (2.3)  the  proofs  are  clear  and 
are  left  to  the  reader. 

Remark  2.5.  It  should  be  noted  that  without  (2.2)  and  (2.3) 
the  proofs  required  to  establish  the  above  corollary  are  less 
straightforward. 
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